Exceptional modular invariants for the Lie algebras B 2 (at levels 2, 3, 7, 12) and G 2 (at levels 3, 4) can be obtained from conformal embeddings. We determine the associated algebras of quantum symmetries and discover or recover, as a by-product, the graphs describing exceptional quantum subgroups of type B 2 or G 2 which encode their module structure over the associated fusion category. Global dimensions are given.
Introduction
What is written below summarizes what is needed to obtain and study quantum subgroups (self-fusion) associated with existence of conformal embeddings G ⊂ K. In this section we do not assume that G coincides with B 2 or G 2 . Warning : several properties reminded below do not necessarily hold in other types of situations like non-simple conformal embeddings followed by contraction, or other types of mechanisms also leading to quantum modules or modular invariants.
To every complex Lie group G and to every positive integer k (the level), one associates a fusion category that can be described either in terms of integrable representations of affine Lie algebras, or in terms of a particular class of representations of quantum groups at roots of unity [20] . Fusion by fundamental integrable representations can be described by graphs called "fusion graphs". These fusion categories somehow generalize, at the quantum level, the theory of representations of Lie groups and Lie algebras, and the process of "fusion" replaces the usual notion of tensor product of representations.
To every such fusion category is associated a Wess-Zumino-Witten model describing a conformal quantum field theory of diagonal type, defined on a torus. By "diagonal type", one means that the vacuum partition function of the model, written in terms of characters, is a sesquilinear form fully determined by a modular invariant matrix M , which, in those cases, is just the identity matrix.
like for SU (3) at level 9, an exceptional quantum module.
When G is semi-simple, conformal embeddings followed by contraction 4 with respect to a simple factor lead to modular invariants that may or may not be of type I. For instance, when G = SU (2), the cases E 7 and D (even or odd) can be obtained from non-simple conformal embeddings followed by contraction, but E 7 and D odd do not enjoy self-fusion whereas the D even do; notice that the lowest member (k = 4) of the D series with self-fusion can be obtained both from direct (i.e., non followed by contraction) conformal embedding, namely SU (2) 4 ⊂ SU (3) 1 , or from a contracted embedding SU (2) 4 × SU (4) 2 ⊂ SU (8) 1 .
Quantum symmetries (DTA) for quantum subgroups of type G = SU (2) were first obtained in [22] and [23] , see also [29, 26] . For G = SU (3) they were also first obtained in [22] , see also [5, 6, 15] . Quantum symmetries for exceptional quantum subgroups of G = SU (4) are described in [7, 8] . Exceptional quantum subgroups of the rank two Lie algebras G = B 2 ∼ C 2 and G = G 2 occur at levels k = 2, 3, 7, 12 for the former, and k = 3, 4 for the later. The associated modular invariants themselves were obtained long ago by [4] , [30] , and some fusion graphs for G 2 (in the case of A 2 ∼ SU (3) see also [12] ) were obtained first in [10] , by imposing various types of constraints, in particular eigenvalues constraints, on their adjacency matrices. Our purpose, in this paper, is to determine their algebras of quantum symmetries (this was not done before), or equivalently their Ocneanu graphs, and to deduce the fusion graphs from the later. For instance, in the G 2 case, fusion graphs already obtained in [10] (figures 27 and 35) correspond to subgraphs with blue lines of the Ocneanu graphs given in figures 18 and 21 of the the present paper. These algebras are determined by solving the so-called modular splitting equation that expresses associativity of their bi-module structures over the fusion algebras A k (G). Solving the full set of modular splitting equations -what we do here -gives full information, not only, as a by-product, the fusion graph of the quantum subgroup 5 , but the collection of toric matrices (twisted partition functions for boundary conformal field theory with defects), the quantum symmetries, and, in some cases, exceptional quantum modules associated with the same modular invariant (they appear at levels 3, 7 for B 2 and at levels 3, 4 for G 2 ). As far as we know, the fusion graphs for quantum subgroups and quantum modules of B 2 did not appear before.
There exist quantum modules and quantum subgroups of type B 2 and G 2 associated with conformal embeddings of non-simple type followed by contraction, however we do not call them "exceptional" (by definition), and therefore we do not study them here. The case E 2 (B 2 ) is special, since, once constructed as an exceptional quantum subgroup of B 2 at level 2, it can be recognized as an orbifold D 2 (Spin(5)) i.e., as "a structure of type D", a kind of higher analog of D 4 = D 4 (SU (2)), D 3 (SU (3)), or D 2 (SU (4)). There is another partition function for G 2 at level 4 found in [30] , which is of type II, and should give rise to a module 6 denoted E 4 (G 2 ) isomorphic to a module E 3 (F 4 ); its algebra of quantum symmetries is actually isomorphic 7 with A 4 (G 2 ) A 3 (F 4 ) but we shall not study it here because it is not obtained from a conformal embedding.
The size of calculations involved in the study of any single example is huge, and many interesting results will have to be put aside. For instance it would be unreasonable to present the 81 distinct twisted partition functions (matrices of size 91 × 91) associated with the 144 quantum symmetries of E 12 (B 2 ). However fusion graphs and Ocneanu graphs are reasonably small, so that they can be presented and commented. More details will be given in a thesis [27] . 4 or "contracted embeddings" 5 Although standard practice, we shall usually refrain from using the notation G k to denote A k (G). 6 Its fusion graph is denoted E 8 in [10] : the subscript k (level) is shifted by the dual Coxeter number. 7 Equality of fusion matrices N01(G2) N1000(F4) and N10(G2) N0001(F4) at respective levels 4 and 3 can be seen from tables of fusion graphs and quantum groupoïd structures given in [9] .
2 Terminology, notations and techniques
General methods
Irreducible representations of the Lie group G are denoted m, n . . . The level of an irreducible representation n of highest weight λ n is the integer λ n , θ where θ is the highest root of LieG, and .., .. is the fundamental quadratic form. These representations appear 8 as simple objects of A k = A k (G), if and only if their level is smaller or equal to k. This condition selects a finite set, with cardinal r A , of irreducible representations m, n . . . of G that are parametrized by r-tuples in the basis of fundamental weights (r is the rank of G); the objects m are ordered by increasing values of the level, and, at a given level, the r-tuples are sorted in a standard way, starting from the end (see examples later). One says that a representation of G "exists at level k" if its level is smaller than k or equal to k. Fundamental representations of G correspond to the fundamental weights. In the case G = SU (N ) all fundamental representations already appear at level 1. This is usually not so for other choices of G. We call "basic representations" those fundamental representations of G that have smallest classical dimension. Quantum dimension 9 qdim(n) of a simple object n can be calculated from the quantum version of the Weyl formula, together with the choice of a root of unity q = exp(iπ/κ), with an altitude κ = k + g, where g is the dual Coxeter number of G. The order of
2 . Products of simple objects of A k read m n = N mnp p, they are described by fusion coefficients and fusion matrices N m with (N m ) np = N mnp of dimension r A × r A . Fusion coefficients depend on the level k, they can be obtained from the Verlinde formula (sec. 2.2.5). To use this expression, one needs to know the r A × r A matrix representing S, one of the two generators (S and T ) of the modular group SL(2, Z) in a vector space of dimension r A ; it is calculated from the Kac-Peterson formula [17, 18] (see sec. 2.2.5), or from character polynomials, and the calculation involves in any case a summation over the Weyl group of G, which is in general tedious. Using Verlinde formula to determine all fusion coefficients turns out to be time consuming; it is more efficient to use it to calculate only the fundamental fusion matrices N f (those associated with fundamental representations f existing at level k) and to obtain the other fusion matrices N n from the fusion polynomials that express them polynomially, with rational coefficients, in terms of the fundamental ones (introduce a vector u = (u 1 , . . . , u r A ) with r A components, write for each fundamental f the family of equations u f × (u) = N f . (u) and solve for u n in terms of the u f 's). At this point, one can recover the quantum dimension of simple objects n by calculating the normalized Perron Frobenius vector associated with the basic fundamental fusion matrix (its Perron Frobenius norm is denoted β), or from the entries of the matrix S, and also recover the quantity |A k |.
From the chosen conformal embedding (G, k) ⊂ (K, 1), one determines, by reduction, a non trivial modular invariant M : a matrix of dimension r A × r A , with non negative integer entries and M 11 = 1, commuting with S and T . From that piece of data, one reads: r E = T r(M ), the number of simple objects of E k , r O = T r(M M tr ) the number of simple objects of O(E), and r W = #({(m, n)/M m,n = 0)}, the rank of the family of toric matrices W x0 (see below), an integer smaller or equal to r O . One can also calculate quantities like |A k /E k | or |E k | that are quantum analogues of cardinalities for discrete subgroups or cosets.
Call x, y, . . . the generators associated with simple objects of O(E). Its bimodule structure over A k is encoded by toric matrices W xy defined by m x n = y (W xy ) mn y, or by matrices V mn defined by (V mn ) xy = (W xy ) mn . In general, existence of a conjugation (a "bar operation" m → m) sends W x0 to W 0x , but we shall not have to worry about 8 They are often called integrable, in relation with the theory of affine Lie algebras. 9 or "categorical dimension". We shall often drop the adjective and just write "dimension".
that here because this operation is trivial for B 2 and G 2 , so we set W x = W x0 = W 0x . Imposing bimodule associativity (m 1 m 2 )x(n 1 n 2 ) = m 1 (m 2 xn 1 )n 2 and taking 10 x = 0 leads to the modular splitting equation
where we used the fact that W 00 = M . For every choice of the pair (m, n) (there are r 2 A choices) the left hand side K mn , itself a matrix r A × r A , is known. The (often arduous) problem is to determine the W x0 matrices. One uses the property that, for each choice of (m, n), the coefficients (W 0x ) mn on the r.h.s. of the above equations are strongly constrained by the fact that (
qn is a calculable integer equal to a sum of squares measuring the norm x |(W 0x ) mn | 2 of a vector
, its components being themselves non-negative integers. The toric matrices W x0 are therefore determined from the matrices K mn associated with vectors of increasing norms 1, 2, 3 . . . More details about this technique can be found in [8] and [15] . One difficulty, apart from the size of matrices involved, comes from the fact that the rank r W of the family of matrices W x0 is usually smaller than r O .
Once the W x0 matrices are determined, one notices that another particular case of the (bi) associativity constraints gives intertwining equations
This gives a set of linear equations for the V f 0 . A priori the solution could be non unique, but it turns out that it is so, up to isomorphism (at least in the studied cases), after imposing that matrix elements should be non-negative integers. So, for every fundamental object f of A k one obtains two matrices V f 0 and V 0f called chiral left and chiral right generators. They are adjacency matrices for the various graphs that build the Ocneanu graph of quantum symmetries. The fusion graph of E k is obtained from any one of the two chiral parts of the later (for instance left) by requiring that its vertices, to be the simple objects a, b, . . . of E k , should span a space of dimension r E stable under the action of A k . The Cayley graph(s) for this action is (are) deduced from a study 12 of the connected components of the chiral generators V f 0 . As a by-product we obtain the adjacency matrices F f describing this action. More generally, the action of simple objects of A k on simple objects a, b, . . . of E k reads n a = F nab b and is characterized by the so-called annular matrices F n with (F n ) ab = F nab of dimension r E × r E . Since they provide a representation of the fusion algebra, the easiest way to obtain all of them, once we have the fundamental ones, F f , is to use the already determined fusion polynomials u n since they also express F n in terms of the F f 's. We introduce the (rectangular) essential matrices E a with (E a ) nb = F nab of dimension r A × r E .
The matrix E 0 , where 0 is the unit object of E k , plays a special role and is often called "the intertwiner". One can then obtain quantum dimensions for all simple objects of E k , either by calculating the normalized Perron Frobenius eigenvector of the basic annular matrix, or by another technique using the induction-restriction rules read from the intertwiner E 0 (see later). As a check, one can in particular calculate |E k | = a (qdim(a)) At this point, there are still several interesting things to do, for instance : 1) obtain explicitly a system of generators O x for O(E), 2) Obtain, for each simple object x of O(E), a matrix S x that encodes structure constants of the module action of this algebra on the module E, 3) obtain a system of generators G a for E; remember that in the present situation, the module enjoys self-fusion. This multiplication should be compatible with the module structure: (na)b = n(ab). It is not always commutative 13 , nevertheless 1 a = a 1, so that (na)1 = (n1)a requires the constraint E a = E 0 .G a . Bi-module associativity m(xy)n = (mx)(yn) implies in particular the relation V n0 = z (V n0 ) 0z O z , so that if the first line of the matrix V f 0 contains a simple non-zero entry equal to 1 (it is so for quantum subgroups of type SU (n), n = 2, 3, 4), one may define O L f . = V f 0 . In the same way the relation n(ab) = (na)b implies in particular F n = c (F n ) 0c G c , and if the first line of F f contains a simple non-zero entry equal to 1, one obtains a graph matrix G f equal to F f , but there is no justification for doing so in general 14 and we shall actually meet a counter-example in studying E 2 (B 2 ).
Simple objects a, b, . . . of the module-category E k can also be thought as right modules over a Frobenius algebra F, which is a particular object in the monoidal category A k . This object is not simple in general, and its decomposition in terms of simple objects can be read from the first column of the intertwiner E 0 (the first essential matrix describes induction rules). Actually, for quantum subgroups examples coming from conformal embeddings, this decomposition can also be read from the modular block of identity in the partition function (the modular invariant), and this is simpler.
Finally, following the lines of [23] , one can associate a quantum groupoïd B to every module-category E k . It is a finite dimensional weak Hopf algebra which is simple and co-semisimple. One can think of the algebra B as a direct sum of r A matrix simple components, and of its dual, the algebra B, as a sum of r O matrix simple components. The dimensions d n (and d x ) of these blocks, called horizontal or vertical dimensions, or dimensions of generalized spaces of essential paths, or spaces of admissible triples or generalized triangles, etc. , can be obtained from the annular (or dual annular) matrices. We shall not give more details about the structure of this quantum groupoïd in the present paper but, for each of the studied examples, we shall list the dimensions of its blocks as well as its total dimension
Sequence of steps
In order to study a particular quantum subgroup of G at level k, determined by a conformal embedding G ⊂ K, the strategy is the following.
• Step 1: Determine the SL(2, Z) generators S and T , the fusion matrices N m at level k, the quantum dimensions qdim(n) of simple objects of A k (G) and the global dimension (quantum order) |A k (G)|. Draw the fundamental fusion graph(s). Determine fusion polynomials for the fusion algebra.
• Step 2: Determine the modular invariant M from the embedding G ⊂ K. Find r E , r O , r W and calculate the global dimension |E k |.
•
Step 3: Solve the modular splitting equation and determine all r O toric matrices W x0 (with a single twist). This is technically the most involved part of the whole procedure.
• Step 4: For each fundamental representation of G existing at that level, solve the intertwining equations for the left and right chiral generators V f 0 and V 0f of the algebra of quantum symmetries O(E). Draw the graph(s) of quantum symmetries. As a by-product, obtain the graph defining the quantum subgroup E and its adjacency matrix. In some cases, one also obtains, at this step, an exceptional module.
• Step 6: Study E. Draw its graph(s). Calculate the quantum dimension of its simple objects. Check the already obtained value of its global dimension.
• Step 7: Using the fusion polynomials (step 1), obtain the r A annular matrices F n and in particular the intertwiner E 0 (tables of induction). Calculate the size of the horizontal blocks (horizontal dimensions) and the dimension of the bialgebra B.
• Steps 8: Obtain generators O x , dual annular matrices S x and graph matrices G x .
Remarks

The chiral modular splitting technique
One can replace the modular splitting equation (step 3) by a system of equations that is technically simpler than the other but gives less information since it determines the adjacency matrices describing the graph(s) of E, as well as the intertwiner E 0 and the annular matrices, but does not provide a description of the algebra of quantum symmetries. The chiral equation of modular splitting is a simplified form of the full system of equations, reflecting the fact that the following equality, for m, n ∈ A k , a ∈ E k , holds: (m(na)) = (m.n)a. For cases where (F p ) 00 = M p0 , a condition that holds for cases associated with conformal embeddings, this associativity constraint implies immediately
The left hand side (that involves only the first line of the modular invariant matrix) is known and the right hand side (the annular matrices) can be determined thanks to methods analog to those used to solve the full set of equations (Step 3), but this is technically simpler since the previous identity describes only r 
The relative modular splitting technique
One way to obtain all toric matrices without having to solve the equation of modular splitting is to use the following technique (it was briefly explained in one section of [5] ). In order to use it, we need not only the adjacency matrices describing the graph of E k (this can be obtained in the simplified manner just explained above) but also all graph matrices G a describing the self-fusion. We introduce a "relative modular invariant" m which is a matrix r G × r G such that E 0 m E 0 tr = M , as well as a collection of "relative toric matrices" defined by the property a x b = y (w xy ) ab y since, in our cases, O(E) is trivially an E bimodule. Using self-fusion and bi-associativity (a a ) x (b b ) = a (a x b) b one obtains a system of equations that read G a m G tr b = x (w 0x ) ab w x0 . The discussion leading to a determination of the right hand side (the "relative" toric matrices w x0 ) is similar to the general one (Step 3), but it is technically simpler because these w's are only of size r E × r E . Once they are obtained, one can recover the usual toric matrices from the equality W x0 = E 0 w x0 .
About fundamental representations
Fundamental representations of finite dimensional Lie groups are "algebraic generators" in the sense that all other simple objects of the algebra of representation are factors of tensor products of these distinguished objects (they appear on the right hand side when we tensor multiply fundamental representations and decompose the result into irreducible ones), however the set of these distinguished generators is not a system of generators for the algebra, one needs to add -infinitely many -others. However, at a fixed level k, the category A k (G) contains a finite number of simple objects and they all can be written polynomially in terms of the (integrable) fundamental ones thank's to the fusion polynomials already mentioned; it may even happen (this depends upon the choice of G and k) that one can obtain a system of generators smaller than the one provided by the fundamental representations existing at the chosen level. In the case of O(E) and E k , when the later enjoys self-fusion (which is the case in this paper), the situation is more subtle, in particular when their graphs possess classical symmetries, because it may not be possible to express all simple objects in terms of those called "fundamental" : one need to add a few others in order to build a system of generators for the studied algebra(s).
About the calculation of |E k | from the modular invariant
It is convenient to think of A k (G)/E k as a homogenous space, both discrete and quantum. Remember that, classically, the dimension of the space of vector valued functions defined on the quotient of a finite group A by a subgroup E, and valued in a vector space a, can be calculated either trivially as dim(a) × |A/E| or non trivially, when a is a representation space for E, by decomposing this space of functions into a sum of irreducible representations of A; this applies in particular to the case where a is the trivial representation of E, so that we obtain a decomposition of the space (actually the algebra) of complex valued functions over A/E. Here, vertices of the graph E k do not only label irreducible objects a of E but also spaces Γ a of sections of quantum vector bundles which can be decomposed, using induction, into irreducible objects of A k . Define Γ a = n↑Γa n where the sum runs over those simple objects n of A k that appear in the column a of the intertwiner matrix E 0 . Its dimension |Γ a | can be calculated as the sum of quantum dimensions n↑Γa qdim(n) but also as: qdim(a) × |A k /E k |. When a = 0, we get F = Γ 0 = n↑Γ0 and its dimension reads |F| = n↑Γ0 qdim(n) = |A k /E k | = |A k |/|E k |, and F plays the role of an algebra of functions over a non commutative space. Using the fact that, in our cases, the decomposition of F into simple objects can also be read from the first modular block of the partition function, we obtain directly E k from A k and from the first block of the modular invariant. At a later stage we calculate the quantum dimensions for all simple objects of a of E k , so that the equality |E k | = a (qdim(a)) 2 provides a nice check of the calculations.
Intersection of the chiral subalgebras of O(E) defines the (commutative) ambichiral subalgebra J . Since 15 the quantum subgroup E k is obtained from the (left for instance) identity component of O(E), ambichiral vertices J of the later define a particular subset J of vertices of the former, that we call "modular", which is also a subalgebra of E k . The simple objects of A k labelling non-zero diagonal entries of the modular invariant matrix M define the family (possible multiplicity) Exp of generalized exponents of E k , and J introduces a partition of this family, since if n is an exponent, then n ↑ Γ a for some modular vertex a of E k .
From unitarity properties of S one proves the generalized ADE trigonometrical identity m,n qdim(m) Z m,n qdim(n) = n qdim(n) 2 = |A k | which, incidentally, can be used to provide a check of the correctness of the modular invariant Z. If the later is of type I, it is a sum of modular blocks indexed by J, so |A k | = a∈J |Γ a | 2 . Using the value of |Γ a | obtained by induction, one finds
The conclusion is that |J | = |J|, the sum of squares of quantum dimensions of J, or "ambichiral quantum dimension", is equal to |E k | 2 /|A k | and can therefore be obtained without having to calculate independently the quantum dimensions of the simple objects belonging to J. This is not only a double check but a triple check since this value could also have been calculated, at the very beginning, from the conformal embedding G ⊂ K as the quantum dimension of K at level 1 (a sum of squares for another root of unity). This family of non trivial identities that can be verified in each case and provide a powerful check of the calculations. On general grounds one also proves that |A k (G)| = |O(E)|.
The Kac-Peterson formulae for S and T S mn
where g is the dual Coxeter number, k is the level, w runs over the Weyl group of G, w is its signature, r is the rank of G, is the Weyl vector, Σ + is the number of positive roots (also equal to the sum of exponents, or to r γ/2 where γ is the Coxeter number), and ∆ is the determinant of the fundamental quadratic form. With these definitions one has (S T ) 3 = S 2 = C, the "charge matrix" satisfying C 2 = l 1. It may be the right place to remember that T is related as follows to other group theoretical quantities: The eigenvalue of the quadratic Casimir for a representation λ is C(λ) = λ, λ + 2 , the classical Dynkin index is dim(λ) C(λ)/2d, where d is dim(G), and, at level k, the conformal weight of λ is 16 h(λ) = C(λ)/2(k + g). Some authors (like [2] ) prefer to use another t-matrix that differs from the one introduced previously by a modular phase: t = T exp(2iπc/24) where c is the central charge c = 
k+3 . The level λ, θ of an irreducible representation with highest weight {λ 1 , λ 2 } is λ 1 + λ 2 and its (classical or quantum) dimension is given by the classical or quantum version of the Weyl formula and reads
The fundamental representations are the vectorial, with highest weight {1, 0}, classical dimension 5, quantum dimension (
, and the spinorial (basic), with highest weight {1, 0}, classical dimension 4, quantum dimension
Properties of C 2 are obtained by exchanging the Dynkin labels λ 1 and λ 2 of B 2 . 16 The coefficient 2 stands for λ, λ , the usual convention for long roots. 17 All components are written in the base of fundamental weights (Dynkin). Modular generators : The graph 1 describes the fundamental fusion matrices N {0,1} and N {1,0} . Here and below, labels 1, 2, 3 . . . of vertices refer to the order already defined on the set of simple objects, multiplication by the generator 01, labelled 2, the spinorial, is encoded by unoriented blue edges, multiplication by 10, labelled 3, the vectorial, is encoded by unoriented brown edges. Notice that N {0,1} corresponding to the spinorial, is connected, whereas N {1,0} corresponding to the vectorial, has two components. Also, the first does not contains self-loops (tadpoles), the second does. These features are generic (i.e., for all values of the level k). These Cayley graphs describe multiplication by the two generators. There is an intertwiner from {0, 1} ⊗ n to m (resp. from {1, 0} ⊗ n) if and only if we have a blue (resp. brown) edge from n to m. Edges are not oriented because conjugation is trivial. The blocks of the associated quantum groupoïd are of size d n = (3, 4, 3) and its dimension is d B = 34 = 2 1 17 1 .
3.3 B 2 at level 2 and its exceptional quantum subgroup E 2 B 2 at level 2
The category A 2 = A 2 (B 2 ) has six simple objects (r A = 6). The following table gives the chosen ordering for the highest weights, the quantum dimensions, the conformal weights modulo 1, and the size of blocks for the associated quantum groupoïd. , are as follows : The graph 2 describes the fundamental fusion matrices N {0,1} and N {1,0} .
The exceptional quantum subgroup
We shall provide more details here than for the cases relative to higher levels, studied later, thank's to the fact that most results for k = 2 are small enough to be displayed in printed form. Also, we shall discover, at the end of the section, that this case could have been defined directly as an orbifold of B 2 at level 2, so that this exceptional example can also be considered as the smallest member D 2 of a D family with self-fusion, like the D 4 for SU (2) (an orbifold of A 5 = A 4 (SU (2)), the D 3 (SU (3)) or the D 2 (SU (4)).
We use the embedding B 2 ⊂ A 4 (with Dynkin index k = 2), which is conformal when the level of B 2
Spin (5) is k = 2 and the level of A 4 SU (5) is 1 (same conformal charges c). The integrable representations of A 4 = Lie(SU (5)) at level 1 are the trivial representation and the four fundamental representations of SU (5). A priori the type I partition function obtained by reduction will have five modular blocks. The above five simple objects of A 4 have all a (quantum) dimension equal to 1 (using q = exp(iπ/(5 + 1) for A 1 (A 4 )), so that summing their square gives the ambichiral dimension |J| = 5. Their conformal weights are 0, 2/5, 3/5, 3/5, 2/5. Comparing them with those obtained (modulo 1) for B 2 at level 2 (i.e., using q = exp(iπ/(3+2)) gives a necessary condition for branching rules. One obtains in this way one exceptional B 2 partition function (quadratic form 18 ):
One verifies that the modular invariant matrix M defined by Z = m,n m M mn n indeed commutes with S and T . The simple objects appearing in the first modular block of Z define a Frobenius algebra F = {0, 0} ⊕ {2, 0}, with
2 /|J| leads again to the result |J| = 5. The number of simple objects for |A 2 is r A = 6. From the modular invariant matrix we read the generalized exponents {{0, 0}, {2, 0}; {0, 2} 2 ; {1, 0} 2 } and obtain r E = 6 (number of simple objects a of the quantum subgroup), r O = 12 (number of quantum symmetries x), r W = 6 (number of independent toric matrices W x ). Notice in this special case the unusual coincidence r E = r A , in particular the intertwiner E 0 is here a square matrix.
Resolution of the modular splitting equation, leading to a list of toric matrices W x parametrized by simple objects x of O(E) represents, as usual, the most involved part of the calculation. There are 5 possible norms associated with matrices K mn . Three toric matrices are discovered while analyzing norm 1 (among them 19 W 1 = M ), then two others in norm 2 (but each of them should appears twice in the list) and a last one in norm 5 (but it appears five times in the list). So we indeed recover r W = 6 and r O = 12. These matrices, given below, define twisted partition functions (only the first is modular invariant) Z x = m,n m (W x ) mn n :
Generators for the quantum symmetries O(E) are then obtained from the toric matrices by solving the set of intertwining equations stemming from the general modular splitting equation (see our general discussion). To ease the reading of the figures 3(a), 3(b), we display separately the graphs associated with {0, 1} (the two chiral generators V 01,00 (left blue: plain lines) and V 00,01 (right blue: dashed lines)), and those associated with {1, 0} (the two chiral generators V 10,00 (left brown: plain lines) and V 00,10 (right brown: dashed lines)).
Fundamental annular matrices F 01 and F 10 are then obtained by selecting the component of the identity (for instance from the left graph) in the graph of quantum symmetries. They are adjacency matrices for the fusion graphs of E 2 , given on figure 4.
The other annular matrices (there is one F n for every vertex n of the graph A 2 (B 2 ), so 6 in our case) can be obtained from the fundamental ones by using fusion polynomials (obtained from the fusion matrices N 01 and N 10 ). Using the ordering adopted for B 2 at level 2, i.e.,
From the list of F n 's we obtain the essential matrices E a and in particular the intertwiner E 0 , a rectangular matrix that happens to be square in this special case since r A = r E .
The numbers d n of admissible triangles of type A, E, E (horizontal dimensions) are read from the F n 's, the blocks of the associated quantum groupoïd are therefore of size d n = (6, 10, 12, 12, 10, 6) and its dimension (total number of diffusion graphs) is the sum of their squares: d B = 560 = 2 4 5 1 7
1 . We know a priori that this quantum module is also a quantum subgroup (self-fusion): one can associate graph matrices G a with all vertices of the fusion graph E 2 , so again 6 in our case. The vertex denoted 1 is the unit (i.e., G 1 = l 1). From the fusion graph we read F 01 = G 2 , associated with the basic representation, but F 10 = G 3 + G 4 . Notice that in this particular example, one of the fundamental annular matrices (namely Figure 5 : Annular matrices and intertwiner for E 2 (B 2 ).
set of equations stemming from the fusion graphs:
After imposing non negativity of the coefficients and compatibility equations E a = E 0 .Ga, we find, up to symmetries, only one solution, that we do not present explicitly here (see details in [27] ), but it should be noticed that the obtained algebra is non commutative. Diagonalizing the non commutative * -algebra O(E) gives a direct sum of four blocks isomorphic with C and two blocks isomorphic with M (2, C), in agreement with the expression of Z. The dual annular matrices S x encoding the action of O(E) on E can be expressed in terms of the G a 's, and the vertical dimensions (admissible triangles of type O, E, E)are d x = {6, 10, 6, 6, 6, 6, 10, 6, 6, 6, 6, 6}; one recovers
The quantum dimensions of the simple objects of E 2 are calculated from the normalized eigenvector of F 01 = G 2 , associated with the basic 20 representation {0, 1}, for the PerronFrobenius eigenvalue ( √ 5, as it should). One finds (1, √ 5, 1, 1, 1, 1). They can also be obtained from the intertwiner E 0 by adding the dimensions (not their square) of the representations of B 2 corresponding to the entries appearing in each column and dividing the result by |F| = |A 2 /E 2 | = 2. By summing squares of the quantum dimensions, one recovers |E 2 | = 10, a value that we had obtained at the very beginning. The modular vertices are {1, 3, 4, 5, 6}. By adding the squares of their quantum dimensions we recover the ambichiral dimension |J| = 5 already obtained in two ways at the very beginning, from the embedding into SU (4) and from the general relation
2 /|J|. The reader familiar with the structure of the smallest quantum subgroups of type D (with self-fusion) for the families SU (2), SU (3) or SU (4) will have recognized here a direct generalization of what happens in those cases, that can also be obtained from "small" conformal embeddings or via an orbifold procedure. Now that we have discovered what the fusion graph of E 2 (B 2 ) is, we may look at the table given for B 2 , level 2, and at its fusion graph (figure 2); it is then clear that we can indeed obtain the graph(s) of E 2 as an orbifold of the later : fold the graph(s) 2 along the vertical line 3-4, identify 1 and 6, 2 and 5 and blow up (duplicate) the two fixed points 3 and 4.
3.4 B 2 at level 3 and its exceptional quantum subgroup E 3 B 2 at level 3
The category A 3 = A 3 (B 2 ) has ten simple objects (r A = 10). The following table gives the chosen ordering for the highest weights, the quantum dimensions, the conformal weights modulo 1, and the size of blocks for the associated quantum groupoïd. The graph 6 describes the fundamental fusion matrices N {0,1} and N {1,0} .
The exceptional quantum subgroup E 3
We use the embedding B 2 ⊂ D 5 (with Dynkin index k = 3), which is conformal when the level of B 2 Spin(5) is k = 3 and the level of D 5 Spin(10) is 1 (same conformal charges c). This is the adjoint embedding : dim(Spin(5)) = 10 and the level k coincides with the dual Coxeter number of B 2 . The integrable representations of D 5 = Lie(Spin(10)) at level 1 are the trivial representation, the two spinorial and the vectorial. A priori the type I partition function obtained by reduction will have four modular blocks. The above four simple objects of D 5 have a (quantum) dimension equal to 1 (using q = exp(iπ/(8 + 1) for A 1 (D 5 )), so that summing their square gives the ambichiral dimension |J| = 4. Their conformal weights are 0, 5/8, 5/8, 1/2. Comparing them with those obtained (modulo 1) for B 2 at level 3 (i.e., using q = exp(iπ/(3 + 3)) gives a necessary condition for branching rules. One obtains in this way one exceptional B 2 partition function (quadratic form):
One verifies that the modular invariant matrix M defined by Z = m,n m M mn n indeed commutes with S and T . The simple objects appearing in the first modular block of Z define a Frobenius algebra F = {0, 0} ⊕ {1, 2}, with |F| = |A 3 (B 2 )|/|E 3 | = qdim({0, 0}) + qdim({1, 2}) = 3 + √ 3. Since |A 3 | = 24(2 + √ 3), we find |E 3 | = 4 3 + √ 3 . The general relation
2 /|J| leads again to the result |J| = 4. The number of simple objects for A 3 (B 2 ) is r A = 10. From the modular invariant matrix we read the generalized exponents {{0, 0}, {1, 2}; {1, 1} 2 ; {0, 2}, {3, 0}} and obtain r E = 6 (number of simple objects a of the quantum subgroup), r O = 12 (number of quantum symmetries x), r W = 9 (number of independent toric matrices W x ).
Resolution of the modular splitting equation, leads to the list of toric matrices W x . There are 7 possible norms associated with matrices K mn . Six toric matrices are discovered while analyzing norm 1, then two others in norm 2 (but each of them appears twice) and a last one in norm 3 (but it appears twice). So we recover r W = 6 and r O = 6+2×2+2×1 = 12. The nine independent W x 's are given below (the first is the modular invariant). 
Generators for the quantum symmetries O(E) are given on figures 7(a), 7(b). We use the same notations as those defined in the E 2 (B 2 ) section. Blue lines (representation {0, 1}): the unit 1 moves to the vertex 3 (resp. 9) when multiplied by the left (resp. right) chiral generator. Brown lines (representation {1, 0}): the unit 1 moves to the vertex 4 (resp. 10) when multiplied by the left (resp. right) chiral generator.
It is clear from the graph of quantum symmetries that it allows us to define both a quantum subgroup (vertices from 1 to 6) and a quantum module (vertices from 7 to 12) whose structure is totally different. Both are exceptional modules, but only the first enjoys self-fusion.
Fundamental annular matrices F 01 and F 10 for the quantum subgroup are obtained by selecting the component of the identity (first six vertices, for instance from the left graph). They are adjacency matrices for the fusion graphs of E 3 , given on figure 8(a) .
In the same way we obtain annular matrices F 01 M and F 10 M for the quantum module E 3 M ; its fusion graph is given on figure 8(b) . Warning: vertex labels 1 − 6 are back-shifted on 8(b), they correspond to vertices 7 − 12 of fig. 7 .
The other annular matrices F n and F n M , for the quantum subgroup and its module are obtained from the fundamental ones by using fusion polynomials (themselves obtained from the fusion matrices N 01 and N 10 ). Using the ordering adopted for B 2 at level 3, one finds: of 10 matrices 6 × 6, but only the two intertwiners E 0 and E M 0 , which are rectangular 10 × 6 and describe induction rules (see Fig. 9 ). The numbers d n (horizontal dimensions) read from the F n 's are d n = (6, 12, 12, 18, 24, 12, 12, 18, 12, 6) and the dimension of the associated quantum groupoïd is :
For the module, we get d 1 . Graph matrices G a describing self-fusion and other details will appear elsewhere [27] .
The quantum dimensions of the simple objects of E 3 are calculated from the normalized eigenvector of 3.5 B 2 at level 7 and its exceptional quantum subgroup E 7 B 2 at level 7
The category A 7 = A 7 (B 2 ) has 36 simple objects (r A = 36) and it is unreasonable 21 to print lists giving quantum dimensions and conformal weights for all of them, or to give explicitly the matrices S and T . For the fundamental objects one finds qdim({0, 1}) = The graph 10 describes the fundamental fusion matrices N {0,1} and N {1,0} . It clearly generalizes those obtained in the previous cases. Notice that the picture provides an intuitive notion for the notion of level (the ordering chosen for vertices should be clear). 21 Some tables are given in [9] 
The exceptional quantum subgroup E 7
To keep the size of this paper reasonable, we shall not give many explicit results in this section but only those that somehow summarize them (same thing in the section devoted to a quantum subgroup of B 2 at level 12). The comments about techniques are also rather sketchy since they have been already given in previous sections. We use the embedding B 2 ⊂ D 7 (with Dynkin index k = 7), which is conformal when the level of B 2
Spin (5) is k = 7 and the level of D 7
Spin (14) is 1 (same conformal charges c). The integrable representations of D 5 = Lie(Spin(10)) at level 1 are the trivial representation, the two spinorial and the vectorial. A priori the type I partition function obtained by reduction will have four modular blocks. These simple objects of D 7 have a (quantum) dimension equal to 1 (using q = exp(iπ/(12 + 1) for A 1 (D 7 )), so that the ambichiral dimension will be |J| = 4. Their conformal weights are 0, 7/8, 7/8, 1/2. Comparing them with those obtained (modulo 1) for B 2 at level 7 (i.e., using q = exp(iπ/(3 + 7)) gives a necessary condition for branching rules. One obtains in this way one exceptional B 2 partition function (quadratic form): The general relation |A k (G)| = (|E k |) 2 /|J| leads again to |J| = 4. The number of simple objects for A 7 (B 2 ) is r A = 36. From the modular invariant matrix we read the generalized exponents and obtain r E = 12 (number of simple objects a of the quantum subgroup), r O = 48 (number of quantum symmetries x), r W = 36 (number of independent toric matrices W x ).
Resolution of the modular splitting equation, leads to the list of toric matrices W x . There are 44 possible norms associated with matrices K mn . 16 independent toric matrices are discovered while analyzing norm 1, then 12 others in norm 2 (among them, four appear twice), then 6 in norm 3 (all they appear twice), and 1 in norm 4 (and it appears twice). No information is obtained from analyzing norms 5, 6, 7; the last toric matrix of the list appears in norm 8 (and it appears twice). At this point we indeed obtain the expected r W = 36 independent members of the list and reach the total r O = 16 + (8 + 2 × 4) + 2 × 6 + 2 × 1 + 2 × 1 = 48. The first is, as expected, the modular invariant. These 48 matrices of size 36 × 36 are needed to determine the quantum symmetries (next paragraph), but, of course, we shall not give them here.
Generators for the quantum symmetries O(E) are then obtained. The full graph incorporating both left and right generators, for each of the fundamental objects {0, 1} and {1, 0}, is nice... but unfortunately a bit clumsy if not properly scaled. It is enough to say that it contains two copies (2 × 12 vertices) of a quantum subgroup, and two copies (2 × 12 vertices) of a quantum module. Both are therefore discovered in this way and will be described below. Fundamental annular matrices for the quantum subgroup and for its module are then obtained as usual, as diagonal sub-blocks of the quantum symmetry generators V {0,1},{0,0} and V {1,0},{0,0} .
The fusion graphs of the quantum subgroup E 7 , are given on figure 11(a) and those describing its module E 7 M appear on figure 11(b). Vertex labels of the later, taken from the graph O(E), are here back-shifted by 2 × 12. As usual the blue color corresponds to {0, 1} and the brown to {1,0}. E 7 enjoys self-fusion (its unit is in position "1") and the four modular points of E 7 , corresponding to the four ambichiral points obtained as intersection of chiral parts of the graph of quantum symmetries, are located in positions {1, 2, 11, 12}. The other annular matrices (both for the quantum subgroup and its module) are obtained from the fundamental ones by using fusion polynomials. 
The intertwiners E 0 (for E 7 and E 7 M ) are rectangular matrices of dimension 36 × 12, a bit large to be displayed, but we can condense the information by listing only its non-zero entries (induction 22 tables). We list E 0 associated with E 7 :
22 Entries in positions 1, 2, 11, 12 coincide with the modular blocks of Z Figure 12 : The fusion graph of A 12 (B 2 )).
The quantum dimensions of the simple objects of E 7 can be calculated, as before, in several ways. When ordered as above (with labels a from 1 to 12), one finds a symmetry qdim[a + 1] = qdim[12 − a] so that it is enough to list the first six dimensions:
The global dimension |E 7 | already obtained directly at the beginning can be recovered by summing their squares. As a check, by taking only squares of dimensions relative to modular vertices, we can recalculate in a third way the ambichiral dimension |J| = 4.
3.6 B 2 at level 12 and its exceptional quantum subgroup E 12 B 2 at level 12
The category A 12 = A 12 (B 2 ) has 91 simple objects (r A = 91) and, like before, it is unreasonable to print lists giving quantum dimensions, conformal weights or the blocks for the associated quantum groupoïd (see nevertheless footnote 21). This is even more so for a matrix like S, which is of dimension r A × r A and which is not sparse!. The calculation can nevertheless be done, not only for S and T , but for all fusion matrices. The fundamental objects have dimensions qdim({0, 1}) = The graph 12 describes the fundamental fusion matrices N {0,1} and N {1,0} . We did not print the labels for vertices since the pattern should by now be obvious.
The exceptional quantum subgroup E 12
We use the embedding B 2 ⊂ E 8 , with Dynkin index k = 12, which is conformal when the level of B 2 Spin(5) is k = 12 and the level of E 8 is 1 (same conformal charges c).
The only integrable representation of E 8 at level 1 is trivial. A priori the type I partition function obtained by reduction will have only one block. The trivial representation of E 8 has a (quantum) dimension equal to 1 (note that q = exp(iπ/(30 + 1) for A 1 (E 8 )), so that the ambichiral dimension is |J| = 1, and has conformal weight 0. Comparing this value with those obtained (modulo 1) for B 2 at level 12 (i.e., using q = exp(iπ/(3 + 12)) gives a necessary condition for branching rules. One obtains the exceptional partition function :
Notice that one of the 9 terms has multiplicity 2. One verifies that M (a matrix of size 91 × 91) defined by Z = m,n m M mn n indeed commutes with S and T . The direct sum of the simple objects appearing in the first (and unique) modular block of Z define a Frobenius algebra F, and by summing their dimensions, one finds |F| = |A 12 (B 2 )|/|E 12 | = 15 12 + 5 √ 5 + 3 85 + 38 √ 5 . Since |A 12 | was obtained in the previous subsection, we calculate immediately |E 12 | and find that in this very particular case |F| = |E| = |A|, something which was expected from the general relation
The number of simple objects for A 12 (B 2 ) is r A = 91. From the modular invariant matrix we read the generalized exponents and obtain r E = 12 (number of simple objects a of the quantum subgroup), r O = 144 (number of quantum symmetries x), and r W = 81 (number of independent toric matrices W x ).
Resolution of the modular splitting equation, leads to the list of toric matrices W x . There are 304 possible norms associated with matrices K mn ; many independent W x can be determined after analyzing the first few norms 1 . . . 5 but one has to go up to norm 15 to conclude, and the discussion is quite involved. After some efforts, one obtains 81 independent matrices W x of size 91 × 91, the difficulty, then, is actually to determine the multiplicities of each of them within the whole family of 144 elements. This can be done. Generators for the quantum symmetries O(E) are then obtained as usual by solving intertwining equations. We checked that the obtained solution for the full algebra of quantum symmetries could be obtained by using directly the "reduced modular splitting technique" described in the general section. We also determined the fusion graph of E 12 , not only by restriction of the algebra of quantum symmetries (fundamental annular matrices, which are adjacency matrices for the fusion graphs of E 12 , are obtained as diagonal sub-blocks of the quantum symmetry generators) but also by using the simpler chiral modular splitting technique. The full graph of quantum symmetries cannot be displayed, because of its size, but its general features are a priori clear, since we already know that the ambichiral algebra has only one element (the origin) : the full graph contains twelve copies (12 × 12 vertices) of the quantum subgroup E 12 which is described on figure 13 with the same conventions as usual ( the blue color corresponds to {0, 1} and the brown to {1,0}). It enjoys self-fusion, of course, its unit is in position "1", which is also the unique modular points corresponding to the unique ambichiral vertex ( intersection of chiral parts of the graph of quantum symmetries).
The other annular matrices (both for the quantum subgroup and its module) are obtained from the fundamental ones by using fusion polynomials, a large table involving powers up to 12 in f 2 and f 3 . Using these matrices, we have calculated (but we shall not list) the horizontal 91 horizontal dimensions d n . The dimension of the associated quantum groupoïd d B = d n .d n = 51068 = 2 2 17 1 751 1 . The intertwiner E 0 for E 12 is a rectangular matrix of dimension 91 × 12, a bit large to be displayed; unfortunately we cannot even condense the information listing its non-zero entries (induction) 23 . The quantum dimensions of the simple objects of E 12 can now be calculated, as before, in several ways. Their explicit expression as particular roots of fourth degree polynomials is not particularly enlightening, but the sum of their squares simplifies to give the global dimension |E 12 | = weight {1, 0}, classical dimension 14, quantum dimension (
, and of highest weight {0, 1}, classical dimension 7, quantum dimension (
G 2 at level 1
The category A 1 = A 1 (G 2 ) has two simple objects (r A = 2) corresponding to the trivial ({0, 0} and the basic representation of highest weight {0, 1}, of classical dimension 7, and quantum dimension φ = The graph 14 describes only the basic fusion matrix N {0,1} since the other fundamental representation {1, 0} appears only at level 2. The blocks of the associated quantum groupoïd are therefore of size d n = (2, 3) so that the dimension of the later is d B = 13. Notice that such a tadpole graph would be forbidden as a graph describing a quantum module associated with SU (2) at level two (same altitude), but we are here discussing A 1 (G 2 ). Here and below, labels 1, 2, 3, 4, . . . of vertices refer to the order 25 that was chosen on the set of simple objects {0, 0}, {0, 1}, {0, 2}, {1, 0}, . . .. Multiplication by the generator {0, 1}, labelled 2, is encoded by unoriented blue edges. Like for B 2 , edges are not oriented because conjugation is trivial. Multiplication by the fundamental {1, 0} labelled 4 (warning: not 3) will be encoded by unoriented brown edges when studying cases k > 1 (it does not exist when k = 1). The fusion graphs of A k (G 2 ) obtained for the first few levels are rather simple, and one may notice that, when k increases, the fusion graph associated with the basic representation {0, 1} grows in a predictable way: it is a truncated version of the corresponding classical A ∞ (G 2 ) fusion graph. This is not so for the other fundamental representation {1, 0}. We shall see that in our cases it is anyway enough to know N {0,1} only since N {1,0} can be obtained from the other by a fusion polynomial.
G 2 at level 2
The category A 2 = A 2 (G 2 ) has four simple objects (r A = 4). The following table gives the chosen ordering for the highest weights, the quantum dimensions, the conformal weights modulo 1, and the size of blocks for the associated quantum groupoïd. 25 The level dependent ordering is not trivial for G2 The modular generators are as follows :
14 , e 
The exceptional quantum subgroup E 3
We use the embedding G 2 ⊂ E 6 (with Dynkin index k = 3), which is conformal when the level of G 2 is k = 3 and the level of E 6 is 1 (same conformal charges c).
The integrable representations of E 6 at level 1 are the trivial representation and the two basic representations {1, 0, 0, 0, 0; 0} and {0, 0, 0, 0, 1; 0} of classical dimensions 27 (notice that not all fundamental representations appear). A priori the type I partition function obtained by reduction will have three modular blocks (two of them should be equal, by classical symmetry). The above three simple objects of E 6 have a (quantum) dimension equal to 1 (using q = exp(iπ/(12 + 1) for A 1 (E 6 )), so that summing their square gives the ambichiral dimension |J| = 3. Their conformal weights are {0, 2/3, 2/3}. Comparing them with those obtained (modulo 1) for G 2 at level 3 (i.e., using q = exp(iπ/(3 + 3)) gives a necessary condition for branching rules. One obtains in this way one exceptional G 2 partition function (quadratic form):
The modular invariant matrix M defined by Z = m,n m M mn n indeed commutes with S and T . The simple objects appearing in the first modular block of Z define a Frobenius algebra
2 /|J| leads again to |J| = 3. The number of simple objects for A 3 (G 2 ) is r A = 6. From the modular invariant matrix we read the generalized exponents and obtain r E = 4 (number of simple objects a of the quantum subgroup), r O = 8 (number of quantum symmetries x), r W = 5 (number of independent toric matrices W x ).
Resolution of the modular splitting equation, leads to the list of toric matrices W x . One has to analyze 8 possible norms associated with matrices K mn . Three toric matrices appear in norm 1 and two other independent ones in norm 3, so we reach the total r W = 5, but the fourth one has to appear twice, and the last one, three times, in the final list, so we reach the total r O = 8. The first is the modular invariant and was already given, the four others W x 's are as follows:
Generators for quantum symmetries O(E) are obtained from the toric matrices by solving intertwining equations. Again, we display separately the graphs associated with {0, 1} (the two chiral generators V 01,00 (left blue: plain lines) and V 00,01 (right blue: dashed lines)), and those associated with {1, 0} (the two chiral generators V 10,00 (left brown: plain lines) and V 00,10 (right brown: dashed lines)), on figures 17(a), 17(b). From the generators (graphs) of quantum symmetries, we discover the generators (annular matrices F {0,1} and F {1,0} ) for the quantum subgroup E 3 (G 2 ) itself, and discover as well the existence of a module denoted E 3 M . Their graphs are given on figures 18(a) and 18(b). As usual the blue color corresponds to {0, 1} and the brown to {1,0}. E 3 enjoys self-fusion (its unit is in position "1") and its three modular points corresponding to the three ambichiral points obtained as intersection of chiral parts of the graph of quantum symmetries, are located in positions {1, 3, 4}. The graphs for generators {0, 1} and {1, 0} turn out to be identical, and this is certainly not a generic feature for other values of the level k. We shall explain this coincidence below. So, F {0,1} is equal to F {1,0} for this The other annular matrices are obtained, for instance, from the fusion polynomials :
We can obtain annular matrices for the module in a similar fashion. Notice that in the present case one can express all fusion matrices, including the fundamental N {1,0} , in terms of the basic one N {0,1} . In particular the former is given in terms of the later by the polynomial f 4 . One can see that N {1,0} = N {0,1} and N {1,0} = N {0,1}
tr . However, the minimal polynomial of F {0,1} is x 3 − 3x 2 − 3x and the reminder of the polynomial quotient of f 4 by the later is just x. For this reason F {1,0} = F {0,1} . The first essential matrix for the quantum subgroup (intertwiners) and its module are given below: The exceptional quantum subgroup E 4
We use the embedding G 2 ⊂ D 7 = Spin(14) (with Dynkin index k = 4), which is conformal when the level of G 2 is k = 4 and the level of D 7 is 1 (same conformal charges c). This is the adjoint embedding : dim(G 2 ) = 14 and the level k coincides with the dual Coxeter number G 2 .
The integrable representations of D 7 at level 1 are the trivial, the vectorial and the two spinorial representations. A priori the type I partition function obtained by reduction will have four modular blocks (two of them being equal). The above four simple objects of D 7 have a (quantum) dimension equal to 1 (using q = exp(iπ/(12 + 1) for A 1 (D 7 )), so that summing their square gives the ambichiral dimension |J| = 4. Their conformal weights are {0, 7/8, 7/8, 1/2}. Comparing them with those obtained (modulo 1) for G 2 at level 4 (i.e., using q = exp(iπ/(4 + 4)) gives a necessary condition for branching rules. One obtains in this way one exceptional G 2 partition function (quadratic form): 2 /|J| leads again to the result |J| = 4. The number of simple objects for A 4 (G 2 ) is r A = 9. From the modular invariant matrix we read the generalized exponents and obtain r E = 6 (number of simple objects a of the quantum subgroup), r O = 12 (number of quantum symmetries x), r W = 9 (number of independent toric matrices W x ).
Resolution of the modular splitting equation, leads to the list of toric matrices W x . One has to analyze 14 possible norms associated with matrices K mn . Five toric matrices are found in norm 1, three others in norm 2 (two of them appear twice), and the last, which also appear twice, in norm 3 is half the corresponding K mn , which has even coefficients. So we recover r W = 5 + 3 + 1 and r O = 5 + (1 + 2 × 2) + 2 × 2, i.e., 12 toric matrices (9 independent ones) of dimension 9 × 9 that we cannot give here (the first is the modular invariant, as usual).
Generators for quantum symmetries are obtained from the toric matrices by solving intertwining equations. We give only, on figure 20, the graph of quantum symmetries for the left and right generators V {0,1},{0,0} and V {0,0},{0,1} corresponding to the basic representation {0, 1}. The graph corresponding to the other fundamental representation {1, 0} is more cluttered, and is anyway not needed because matrices (fusion N {1,0} , annular F {1,0} or double fusion V {1,0} ) can be expressed polynomially in terms of their {1, 0} analogs with a fusion polynomial 26 : {1, 0} = f ({0, 1}) with f (x) = 1 40 −39x 8 + 255x 7 − 179x 6 − 1059x 5 + 810x 4 + 1352x 3 − 552x 2 − 548x − 40 Intersection of the left and right connected components of the unit (marked "1") define the ambichiral vertices {1, 4, 5, 6}. The left (or right) graph has two non isomorphic connected components, so that we discover both a quantum subgroup E 4 and a module E 4 M . Adjacency matrices of their graphs (given on figure 21 ) are the annular matrices F {0,1} and F {0,1}
M extracted from the double fusion generator V {0,1},{0,0} . We display both actions of {0, 1} (blue lines) and {1, 0} (brown lines), although the later could be obtained from the former by using the previously given fusion polynomial. The nine Figure 21 : Fusion graphs for the quantum subgroup E 4 (G 2 ) and its module E 4 M (G 2 ) annular matrices, both for the quantum subgroup and its module, are calculated with fusion polynomials. We only give F {0,1} and F {0,1} M , as well as the first essential matrix, for both. and |E 4 M | = 4 3 + √ 6 . Going back to the graph of E 4 , we can check the known value of |J| = 4 by summing the squares of quantum dimensions relative to the modular vertices {1, 4, 5, 6} corresponding to the ambichiral vertices of the graph of quantum symmetries.
